
ABSTRACT

We propose several strategies for detecting digital pulse-position
modulation (PPM) in the presence of intersymbol interference
and additive white Gaussian noise. We develop an equivalent
vector channel by viewing PPM as a binary block code, and use
this vector channel to derive the ML sequence detector. We also
propose three sub-optimal block-by-block detectors, all of which
use block decision-feedback equalization (DFE) to mitigate
inter-block interference, but differ in how they mitigate intra-
block interference: the ML-BDFE accounts for it in an optimal
way, the comparator-BDFE uses linear equalization, and the cor-
recting-scalar-DFE uses DFE. We illustrate low-complexity
implementations of these equalizers, and compare their perfor-
mance to the ML detector using Monte-Carlo simulations.

I. INTRODUCTION

Digital pulse-position modulation (PPM) is widely used in
intensity-modulation optical communication systems, such as
fiber-optic [1] and satellite systems [2], primarily because of its
high average-power efficiency [3][4]. The abundance of band-
width in these applications makes the poor bandwidth efficiency
of PPM of little concern. In contrast, the bandwidth of indoor
wireless infrared channels is severely constrained due to multi-
path optical propagation [5][6]. The objective of this work is to
develop detection strategies for mitigating intersymbol-interfer-
ence (ISI) so as to extend the usefulness of PPM to channels with
severe ISI.

PPM can be viewed as a simple nonlinear block code; specif-
ically, the rate log2L ⁄ L block code consisting of the set ofL
binary L-tuples with unity Hamming weight. Therefore, equal-
izers designed for general block codes, such as the recent work
reported in [7]—[10], can be applied to PPM. On the other hand,
because the only feature of PPM exploited in this paper is that
PPM is a block code, our results apply directly to all binary and
non-binary block codes, including multidimensional-constella-
tion codes.

In the next section we describe an equivalent vector (or mul-
tiple-input⁄ multiple-output; MIMO) channel model for PPM on
ISI channels; it results by first viewing the PPM signal as a
cyclostationary binary PAM signal, employing a whitened-
matched filter front end, and then grouping the coded bits into
blocks of lengthL. Assuming the channel has finite memory, the
vector channel output becomes a noisy observation of a finite-
state machine driven by a white symbol sequence, allowing

application of the Viterbi algorithm to determine the maximum
likelihood (ML) solution, as described in Sect.III.

In Sect.IV we propose sub-optimal equalization structures
that are less complex than the ML sequence detector. Building on
the theory of MIMO equalization developed elsewhere [7]—[14],
we first examine the block DFE (BDFE) [8]—[11], which
operate on the vector channel, thus requiring matrix multiplica-
tions. We then show how the BDFE can be implemented via a
simple modification of a scalar equalizer. We also propose other
scalar equalization structures, and compare their performance
with that of the ML sequence detector.

II. EQUIVALENT VECTOR CHANNEL

A model forL-PPM transmission over channels with ISI is
shown in Fig.1. At the transmitter, a parallel-to-serial convertor
converts a sequence of PPM vector blocks {xk} with block rate
1 ⁄ T into a single scalar “chip” sequence {xj} with chip rateL ⁄ T,
wherexk = (xkL , … , xkL + L – 1)´. For eachk, only one of the
components ofxk is unity, and the otherL – 1 are zero. The chip
sequence drives a transmit filter with pulse shapep(t), so that the
transmitted signal is given by:

x(t) = xj p(t – j T ⁄ L) . (1)

The received signaly(t) is then given by:

y(t) = xj g(t – j T ⁄ L)  + n(t) , (2)

whereg(t) is the convolution of p(t) with the channel impulse
responseb(t), andn(t) is additive white Gaussian noise with two-
sided power spectral density (PSD)N0. Signals of the form (2)
may be filtered by Forney’s whitened-matched filter and then
sampled at the chip rateL ⁄ T without compromising receiver per-
formance [15]. The resulting equivalent discrete-time channel is
described by:

yj = hm x j – m + nj , (3)

where the discrete-time impulse responsehj is causal, monic
(h0 = 1), and minimum phase, and where the noise sequencenj is
white and Gaussian with PSD σ2 ≡ N0 ⁄ γ, whereγ is the geo-
metric mean of the folded spectrum:

γ = exp . (4)
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Fig. 1.  Channel models for L-position PPM: (a) composite system; (b) equivalent vector (MIMO) channel.
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As shown in Fig.1-a, the samplesyj are grouped in blocks of
length L using a serial-to-parallel convertor, yielding a vector-
valued outputyk, whereyk = (ykL, ykL + 1, … , ykL + L – 1)´.
The equivalent vector channel betweenxk andyk, as shown in
Fig. 1-b is, described by:

yk = Hmxk – m + nk , (5)

where the channel impulse response is a Toeplitz sequenceHk,
with [Hk] ij  = hkL + i – j :

… H–2 = H–1 = 0, H0 = , etc., (6)

and the noise sequencenk has autocorrelation function
Rn(m) = E[nk+mnk´] = σ2δmI, resulting in a white spectrum:
Sn(z) = Rn(m)z–m  = σ2I. When the symbolsxk are chosen
independently and uniformly from the PPM alphabet, the symbol
spectrum is also white:Sx(z) = (1 ⁄ L)I.

III. ML SEQUENCE DETECTION

A computationally efficient ML sequence detector for MIMO
channels of the form (5) was first derived in [16]. In our applica-
tion, the ML sequence detector chooses the sequence of scalar
chips { j}, or equivalently the sequence of symbols {k}, that
minimizes the following expressions [15][16]:

| yj – hm j – m |2 = ||yk – Hm k – m ||2 , (7)

where ||yk ||2 = | ykL + j |2 denotes the squared Euclidean
norm. Becausexj is the output of a block coder, not all sequences
{ xj} are allowable, so only allowable chip sequences {xj} are
searched in the left-hand side of (7). When the input symbolsxk
are chosen uniformly and independently from the PPM alphabet,
on the other hand, as assumed here, every symbol sequence {xk}
is equally likely, so that all symbol sequences {xk} are searched
in the right-hand side. This property simplifies implementation,
so we focus on the right-hand side of (7).

When the channel has finite memoryµ, so thatHk = 0 for
k > µ, the received sequenceyk of (5) represents a noisy observa-
tion of a finite-state machine driven by a white sequencexk. The
ML sequence can then be found in the usual way [15]: by finding
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the minimum-length path through a trellis, which is best accom-
plished using the Viterbi algorithm [17]. The branch metric for a
transition from statei to statej at timek is ||yk – s(i→j) ||2, where
s(i→j) is the unique output associated with the transition fromi to
j. The probability of a symbol (block) error for the ML sequence
detector is well approximated at high SNR by [15]:

Pe ≈ Q(dmin ⁄ (2σ)), (8)

whereσ2 = N0 ⁄ γ is the variance of each component ofnk, and
dmin is the minimum distance between received sequences:

dmin
2 = || Hmek – m ||2. (9)

The above minimization is performed over all possible error
sequences {ek} starting at time zero, using an error alphabet of
{ u – v : u, v ∈C}, whereC is the set of valid PPM codewords.

The number of states in the trellis will beLµ, whereµ is the
memory in the vector channel and is related to the memoryM in
the scalar channel byµ = . Note that, in addition to the
add-compare-select computation of the scalar MLSE algorithm,
the vector ML sequence detector requires an additionalL
squaring operations per branch computation. For large values of
L andµ, therefore, the ML sequence detector may be computa-
tionally infeasible.

IV. EQUALIZATION

Equalization is a suboptimal strategy for detecting signals in
the presence of ISI, its primary advantage over ML sequence
detection being a reduction in complexity. We shall consider sev-
eral block-rate (vector) equalizers and chip-rate (scalar) equal-
izers. In every case (see Fig.2, Fig.3, and Fig.4), the equalizer is
designed so that its outputwk at timek is in some sense close to
the k-th transmitted symbolxk, and the receiver decides onk
using a memoryless decision device (slicer). A naive slicer
chooses the k closest in Euclidean distance towk, but this is not
generally optimal unless the components of the slicer error vector
εk = wk – xk are i.i.d. zero-mean Gaussian random variables.
Nevertheless, the naive slicer is often preferred due to its simple
implementation (the naive slicer reduces to anL-way comparator,
or a “choose maximum” device, when the block code is PPM). In
some cases, such as the BDFE of the next section, the optimal
slicer can be found explicitly. In all cases, however, it is worth
emphasizing that, unless the components of the error vector are
i.i.d. Gaussian random variables, the mean-squared error (MSE =
E ||wk – xk ||2) does not uniquely characterize error performance.
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IV-A. Block Equalizers

Since the channel of Fig.1-b is a linearly filtered vector
(MIMO) communication channel with AWGN, we may apply
principles of MIMO equalization [7]—[14], referred to here as
block equalization. The block equalization structure is shown in
Fig. 2-a. It has the same form as a conventional scalar DFE. The
received signal is passed through a forward filter with transfer
functionC(z) = Ckz

–k. Decisions k are fed through a feed-
back filterD(z), and the result is subtracted from the input of a
vector slicer. The block linear equalizer results whenD(z) = 0.

The optimal zero-forcing BDFE filters may be derived as in
the scalar case [7][18]. Specifically, if we limit consideration to
filters that completely eliminate ISI, so thatwk equalsxk when
the noise is zero, and then chooseC(z) andD(z) to minimize the
MSE = E||wk – xk ||2 under the assumption thatk = xk, the
results are:

C(z) = H0
–1 (10)

D(z) = H0
–1H(z) – I (11)

MSEBDFE = σ2trace(H0H0´)
–1, (12)

where a prime denotes conjugate transpose. Assuming correct
decisions, k = xk, the slicer input is thenwk = xk + H0

–1nk. In
this case, it is easy to show that the optimal (maximum-likeli-
hood) slicer chooses k  so as to minimize ||H0(wk – k )||2. If
we defineH0(wk – xk) as the error for the ML slicer, then its
mean-squared value isMSEML-BDFE = Lσ2 ≤  MSEBDFE .

The optimal minimum-MSE BDFE can be derived in a sim-
ilar way [7][12][14], and it would outperform the zero-forcing
BDFE at low SNR. We shall not pursue it here, however, because
our focus is on equalizers that are easily implemented.

IV-B. Scalar Equalizers

The block equalizers of the previous section, although
reduced in complexity as compared to the MLSE, still appear
quite complex. This motivates the investigation of chip-by-chip,
scalar, or “random-phase” [7] equalizers.

The scalar zero-forcing linear equalizer (LE) is the most
straight forward. The WMF samplesyj are passed through a
scalar filter with transfer functionC(z) = 1 ⁄ H(z), before the serial
to parallel conversion, as illustrated in Fig.3-a. Note that this
scalar LE is equivalent to a block LE, which results when
C(z) = H(z)–1 and D(z) = 0 in Fig.2. The LE does not exist
whenH(z) has poles on the unit circle.

A scalar zero-forcing DFE (SDFE) feeds back tentative
“chip decisions” to cancel intra-block as well as inter-block inter-
ference, as illustrated in Fig.3-b. Assuming that these chip deci-
sions are correct, the MSE is given by:

MSESDFE = Lσ2. (13)
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Comparing with (12), we might conclude that the SDFE outper-
forms the BDFE with naive slicer, equaling the performance of
the BDFE with ML slicer. However, the chip-decisions are highly
unreliable, and the resulting error propagation can reduce perfor-
mance significantly. The true MSE of the SDFE will always
exceedLσ2, as illustrated by example in Sect.V.

IV-C. Correcting Scalar Equalizers

We next modify the scalar equalizers in a natural way to
improve performance, yielding the so-called “correcting” scalar
equalizers. The correcting scalar-LE turns out to be precisely
equivalent to the vector BDFE, thus providing valuable insight
into the BDFE’s function, as well as suggesting a simple imple-
mentation.

The Correcting SLE: An Alternative View of the BDFE
The scalar zero-forcing linear equalizer of Fig.3-a has

transfer functionC(z) = 1 ⁄ H(z). SinceH(z) is monic and causal,
C(z) can be implemented using linear feedback, as illustrated in
Fig. 4 (ignoring the outer feedback loop for the moment), where
the strictly causal feedback filter has transfer functionH(z) – 1.

The contents of the memory elements in the delay line at
time j are {wj – 1,wj – 2, … , wj – M}, whereM is the length of the
scalar channel impulse-response tail. It is well known that, since
wj represents a noisy estimate of the actual chip sequencexj, the
performance would improve if we fed back the true chip
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Fig. 3.  Scalar Equalizers: (a) SLE, and (b) SCDFE.
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sequence xj rather than its noisy estimate wj. (In other words,
ideal decision-feedback equalizers outperform linear equalizers.)
Unfortunately, there is a decoding delay (inherent in the serial-to-
parallel convertor) of anywhere from one to L chips, preventing
immediate decision feedback. Specifically, the decoding delay
for the l-th chip in a block is L – l, where l ∈{0, … , L – 1}.

We can still achieve some of the decision-feedback advan-
tage, however, by feeding back the noisy estimates wj when deci-
sions are unavailable, and then “correcting” the delay line once a
decision has been made. That is, when j is a multiple of L, the
decisions about the previous L chips are known, and so the values
stored in the first L delays may then be “corrected.” In Fig. 4, the
outer feedback path (between the decision device and the delay
line) and the L circular arrows (assuming L = 4) are meant to rep-
resent this correction operation: a fraction of a chip1 before time j
is a multiple of L, the first L memory elements of the delay line
{wj – 1, wj – 2, … ,wj – L} are replaced by { j – 1, j – 2, …, j –L}.

A closer look at the above-described correcting scalar-LE
reveals that it implements precisely the vector BDFE of Sect. IV-
A. The proof is omitted due to lack of space.

The Correcting Scalar-DFE
As in the LE case, it is also beneficial to correct the delay

line for the scalar DFE. This leads to the correcting SDFE, as
shown in Fig. 4 (with the slicer inserted as indicated). Intuitively,
the only difference between the correcting SDFE and the BDFE
is the way it mitigates intra-block interference; both mitigate
inter-block interference using block decisions, but the correcting
SDFE uses tentative chip-by-chip decisions to mitigate intra-
block interference, whereas the BDFE uses linear equalization.

Although the correcting equalizers always outperform their
non-correcting counterparts, comparisons between the BDFE
(i.e., the correcting scalar-LE) and correcting scalar-DFE must be
made on a case-by-case basis, depending on the channel and the
slicer. This is illustrated further in the next section.

V. NUMERICAL RESULTS

As an example, consider the transmission of L = 2 PPM over
a scalar channel with transfer function H(z) = 1 – z–1 + z–2. The
ISI in this channel is particularly severe, and cannot be overcome
by an increase in signal power; even at infinite SNR, the error
rate is 1 ⁄ 4. From (9) we find that dmin = , and (8) approxi-
mates the error performance of the ML sequence detector. The
dashed curve in Fig. 5 plots this estimate versus SNR ≡ 1 ⁄ σ2.
Simulation results for the ML sequence detector are represented
in the figure by open circles, and were based upon 106 blocks
(2 × 106 chips).

Fig. 5 also illustrates the performance of several equalization
structures. (Since H(z) has zeros on the unit circle, the zero-
forcing LE does not exist.) The best performance is achieved by
the BDFE with an ML slicer; it is about 3 dB from the ML
sequence detector, and outperforms the BDFE with a comparator
slicer by about 1 dB. These numbers agree with theory;
neglecting error propagation, the slicer error at time k is:

1. The corrections are made asynchronously, after chip number
kL – 1 and before chip number kL, for every integer k.

x̂ x̂ x̂

10

H0
–1nk = [nkL , (nkL + nkL+1)]T. (14)

The probability of error is then easily shown to be Q( ⁄ 2σ) and
Q(1 ⁄ σ) for the BDFE with ML slicer and comparator slicer,
respectively, so that the expected penalties are 3 and 4 dB,
respectively.

Also included in Fig. 5 are simulation results for the scalar-
DFEs, with and without correction. A significant gain of about
2.2 dB is achieved by the correcting scalar-DFE over its non-cor-
recting counterpart. This implies that error propagation from the
chip-by-chip slicer is significant. Although the BDFE with com-
parator slicer outperforms the correcting-DFE here, this is not
always the case, as illustrated in the next example.

We now consider the same channel, but with L = 8 rather
than L = 2. Simulation results are presented in Fig. 6. The dashed
curve approximates the performance of the ML sequence
detector from (8), using dmin = 2 as calculated from (9). (The
approximation is poor at low SNR because there are 5 five pairs
of sequences separated by a distance of dmin.) The other curves
are the result of simulating 106 blocks. Unlike the previous
example, here L is relatively large compared to the channel
memory. Therefore, most of the ISI is confined to a single block,
and the effects of inter-block interference are diminished. Since
the BDFE with ML slicer mitigates intra-block interference in an
optimal way, its performance is very close to that of the optimal
ML sequence detector. On the other hand, the BDFE with com-
parator slicer essentially ignores the effects of intra-block inter-
ference, thus explaining its poor performance. The correcting
SDFE is only negligibly better than its non-correcting counter-
part; this is because the variable decoding delay usually exceeds
the channel memory, so that most of the corrections have no
effect.
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VI. CONCLUSIONS

With the aid of an equivalent vector channel model, the max-
imum likelihood sequence detector for any block code subject to
intersymbol interference and additive white Gaussian noise may
be implemented using the Viterbi algorithm in a straight forward
manner. The complexity of the ML sequence detector is high,
however, and so reduced-complexity detectors are desirable. We
examined the performance of several block-by-block equaliza-
tion schemes, some of which required no matrix multiplications.
These equalizers were effective at mitigating ISI, although for
some channels there remained a significant gap between their
performance and that of the ML sequence detector. Future
research should examine the effectiveness of reduced-complexity
detectors at closing this gap.
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