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Personal & Mobile Communications

Week 11
Continuous Phase Modulation
Reading: 4.7, 4.8

Power Spectrum of Digitally Modulated Signals
Reading: 4.9



Continuous Phase Modulation (CPM)

e The CPM bandpass signal is
s(t)

Re {Aeﬁb(t)eﬂﬂfct} (1)
= Acos (2rft + o(t))

where the “excess phase” is
o(t) = 2rh [/ ]ﬁo eph(r — KT)dr

— h is the modulation index
—x, € {£1,43,..., (M — 1)} are the M-ary data symbols

— hy(t) is the “frequency shaping pulse” of duration LT, that is zero for ¢ < 0 and
t > LT, and normalized to have an area equal to 1/2. Full response CPM has L = 1,
while partial response CPM has L > 1.

e The instantancous frequency deviation from the carrier is

1d 50
fdev(t) = %$ = hkz::() Cl?khf(t — /{T) .



Frequency Shaping Pulses

pulse type

hy(t)

L-rectangular (LREC)
L-raised cosine (LRC)
L-half sinusoid (LHS)

L-triangular (LTR)

sruer(t)

2L {l—c

4LT

0S8 (i@f)] urr(t)

sin(7t /LT )urp(t)

LT (1_|t

LT/2|>
IT/2




Excess Phase and Tilted Phase

e During the time interval n7" < ¢ < (n+ 1)T, the excess phase ¢(t) is
() = 2rh 3 wpB(t — kT).
k=0

where the “phase shaping pulse” is

0 , <0
B(t) =1 fhe(r)dr , 0<t<LT
1/2 Ct> LT

e For the case of full response CPM (L = 1), during the time interval nT' <t < (n + 1)T the
excess phase is

n—1
o(t) =mh Y xp+ 2rhx,B(t —nT)
k=0
e During the time interval nT° <t < (n + 1)7T", the CPM “tilted phase” is

W) = 7h'S ap+ 2mhanB(t — nT) + Th(M — D)t/T
k=0
= o(t) +wh(M — 1)t/T

e Note that s(¢) can be generated by replacing ¢(t) with ¢(t) and f. by f. — h(M —1)/2T in
(1).



Continuous Phase Frequency Shift Keying (CPFSK)

e Continuous phase frequency shift keying (CPFSK) is a special type of CPM that uses the
full response REC shaping function

1 1

hy(t) = 5nur(t) (u(t) —u(t =T))

T oT
As a result
0 , <0
Bt)=1t/2T ,0<t<T
/2 ,t>T

e Since the frequency shaping function is rectangular, the phase shaping pulse contains a linear
ramp and the CPFSK excess phase trajectories are linear.






Phase-state Diagrams

Phase-state diagram of CPM with h = 1/4.



Minimum Shift Keying (MSK)

e MSK is a special case of CPFSK, where the modulation index h = % is used.

e The phase shaping pulse is

0 , <0
Bt)y=<t/2T ,0<t<T
/2 ,t>T

e The MSK bandpass waveform is

7 n=1 t—nT
t)=A 27 f.t —
s(t) COS(T('f ++2k§0xk+ 5T

mn) , nT'<t<(n+1)T

e The excess phase on the interval nT <t < (n+ 1)T is

T n—1 t—nT
H ==
o(t) 5 & T o

Xy,
e The tilted phase on the interval nT' <t < (n+1)T is

(t) = o(t) +

7t
2T

e Combining the above two equations, we have

U((n+1)T) = b(nT) + 5 (1 + )



Excess Phase and Tilted Phase for Minimum Shift
Keying (MSK)

2nl excess phase

4-states




Phase state diagram for MSK signals.
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Linearized Representation of MSK

e An interesting representation for MSK waveforms can be obtained by using Laurent’s de-
composition to express the MSK complex envelope in the quadrature form

5(t) =AY b(t — 2nT,x,) ,

where
b<t7 Xn) — iQn#—lha(t — T) + ]i'tha(t)

and where x,, = (Ton11, Ton),

Top, = Top—1Ton (2)
Top+1 = —ToanToan+1 (3)
T4 =1 (4)

and
7t

ha(t) = sin (ﬁ) uor(t)

e The sequences, {Z2,} and {9,411}, are independent binary symbol sequences taking on
elements from the set {—1,+1}.

e The symbols z9, and 9,1 are transmitted on the quadrature branches with a half-sinusoid
(HS) amplitude shaping pulse of duration 27" seconds and an offset of T" seconds.
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Gaussian MSK (GMSK)

X(t) () FM S(t)

B A h(t) E——

Modulator

Gaussian Pre-modulation filtered MSK (GMSK).

e With MSK the modulating signal is

1 00
x(t) = 5T > zpup(t —nT)

=—00

e The bandwidth of 5(¢) depends on the bandwidth of x(¢) and the modulation index h. For
GMSK h =1/2.

o We filter z(t) with a low-pass filter to remove high frequency content prior to modulation,
i.e., we use the filtered pulse g(t) = z(t) * h(t).

e For GMSK, the low-pass filter transfer function is

=4

where B is the 3 dB filter bandwidth.

Gaussian Pre-modulation filtered MSK (GMSK).

12



e A rectangular pulse rect(t/T) = up(t + T/2) transmitted through this Gaussian low-pass
filter yields the GMSK frequency shaping pulse

1 |27 t/T+1/2 2m?(BT)*x”
= == = d
) = o\ BT by { In 2 ’
L[ (YT —1/2 t/T +1/2
e R
where
1 2
_ o0 —x%/2
Q) /a —\/%e dx
5 In 2
0" = .
4m2(BT)?

e The total pulse area is /% h(t)dt = 1/2 and, therefore, the total contribution to the excess
phase for each data symbol is £7 /2 radians.
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e The GMSK phase shaping pulse is

B(t)= [ hy(t)dt = % (G (% N %) G (; - %))

where )
Gx)=x <§> + \/0276_%? :
70
and 0
Pla) = /_a 5 e "2y
o0 T

e Observe that 5(oco) = 1/2 and, therefore, the total contribution to the excess phase for each
data symbol remains at +7/2 as mentioned earlier.
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e The excess phase change over the interval from —T/2 to T'/2 is

O(T/2) = 6(~T/2) = 20fo(T) + 5 2,fu(T)

n£0
where
BulT) = [, hy(w) du
nd L[ (4T =12 HT +1/2
=57 0[5 F) e ()
e The first term, x(5y(T) is the desired term, and the second term, ¥52_« x,0,(T), is the

n#0
intersymbol interference (ISI) introduced by the Gaussian low-pass filter.

e Conclusion: GMSK trades off power efficiency (due to the induced ISI) for a greatly
improved bandwdith efficiency.

— the loss in power efficiency can be recovered by using an equalizer in the receiver to
mitigate the induced ISI.
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Linearized Gaussian Minimum Shift Keying

(LGMSK)

e Laurent showed that any binary partial response CPM signal can be represented exactly as a
linear combination of 2¢~1 partial-response pulse amplitude modulated (PAM) signals, viz.,

oo 28711 ,
s(t)= > X e&™mmee,(t —nT),
n=0 p=0

where

et) = ot Lﬁic(t +(n+ Len,)T),

n=

n L-1
Cnp — Do Ty — DL Ln—mEm,p;
m=0 m=1

and €, , € {0, 1} are the coefficients of the binary representation of the index p, i.e.,
p=cop+2e1y+-+2" e, .

e The basic signal pulse ¢(t) is

sin2mhf(1) L 0<t< LT
c(t) = § LIl LT <t <2LT
0 , otherwise

where ((t) is the CPM phase shaping function.
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Linearized Gaussian Minimum Shift Keying
(LGMSK)

e Note that the GMSK frequency shaping pulse spans L = 3 to L = 4 symbol periods for
practical values of BT

e Often the pulse ¢((t) contains most of the signal energy, so the p = 0 term in can provide
a good approximation to the CPM signal. Numerical analysis can show that the pulse ¢y(?)
contains 99.83% of the energy and, therefore, we can derive a linearized GMSK waveform by
using only ¢y(t) and neglecting the other pulses.

e This yields the waveform

5(t) = X e/™mocy(t —nT),

n=0
where, with L = 4,

colt) = TI c(t+nT),

n=0

n
Qno — Z Lm

m=0

e Since the GMSK phase shaping pulse is non-causal, when evaluating ¢(¢) we use the truncated
and time shifted GMSK phase shaping pulse

B(t) = Bt —2T)

with L = 4 as shown previously.
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Linearized Gaussian Minimum Shift Keying

(LGMSK)

e For h = 1/2 used in GMSK,
Ap = el 3n0 ¢ {£1,+5} |
and it follows that
() =AY <£2n+1co(t — T — T) + jionco(t — znT))

where
Lop = Top—1TLop
Lopn+1 = —Topndon+1
r_1 = 1

e This is the same as the OQPSK representation for MSK except that the half-sinusoid ampli-
tude pulse shaping function is replaced with the LGMSK amplitude pulse shaping function.

e Note that the LGMSK pulse has length of approximately 37" to 47", while the pulses on
the quadrature branches are transmitted every 2T seconds. Therefore, the LGMSK pulse
introduces ISI, but this can be corrected with an equalizer in the receiver.
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POWER SPECTRUM OF BANDPASS SIGNALS

e A bandpass modulated signal can be written in the form

s(t) = R{5(t)e/*N]

e The autocorrelation of a bandpass modulated signal is

Pss(T)

Els(t)s(t +7)]
(t>€j27rfct 4+ 5*(t>€—j2ﬂfct)
t+ T)ej(Qﬂfct+27rfc7') 4+ §>x<(t n T)e—j(Qﬂfct+27rfc7')>

| — |
/‘\

m N\
VaRS
—~

VaR:

(t)g(t + T)ej(47rfct+27rfc7') 4+ §(t)§*(t 4 T)e_jgﬂfﬂ
( )g(t + T)QJQchT 4+ §*(t)§*(t n T)e—j(47rfct+27rf67)]
(t)g(t 4 T)]ej(47rfct+27rf07) + E[g(t)§*(t 4 T)}e_jgﬂfﬂ
*<t) N(t + 7—)]69'27?]“07 4+ E[§*<t)§* (t + T)]e—j(47rfct+27rf07)} .

|

CI.)Z

»-hlr—*—|—»-l>|+—* X W] =
?z

CIDZ
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o If 5(¢) is a wide-sense stationary random process, then the exponential terms that involve ¢
must vanish, i.e., E[5(¢)s(t + 7)] = 0 and E[$*(¢)5*(t + 7)] = 0.

e Substituting 5(¢) = 57(¢) + 75¢(t) into the above expectations gives the result

Gsps(T) = Els1(t)81(t + 7)] = E[5q(1)30(t + 7)] = ¢s3,(7)
Pspg(T) = El51(8)8q(t + 7)) = =E[30(t)31(t + 7)] = —¢3505,(7)

e Using these results, the autocorrelation is
1 or 1, o
Gss(T) = 5%(7)6‘72 fer 4 §¢§§(7)e j2m fe

where

s(7) = SEI&(0)3(t + 7)]

e The power density spectrum is the Fourier transform of ¢g4(7):

Sulf) = 5 [S5(F = fo) + 3(~F = £

— Szz(f) is the power density spectrum of the complex envelope 5(t), which is always real-
valued but not necessarily even about f = 0.

[ (f fc>+Sss( f_fc>]

[\DIH

Sas(f) =
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POWER SPECTRAL DENSITY OF A COMPLEX
ENVELOPE

e In general, the complex lowpass signal is of the form

§<t) = AZ b(t — kT, Xk)
k
e The autocorrelation of 5(t) is

(bt T) = %E[é*(t)é(twtﬂ]

2
— A? SSYEDH(t— T, x;)b(t + 1 — kT, x3)] .
"

Observe that §(t) is a cyclostationary random process, meaning that the autocorrelation
function ¢z3(t,t + 7) is periodic in ¢ with period T'. To see this property, first note that

AQ
= SXXEP (T —iTx)b(t + T+ 7 = kT, %)
ik
2

= 7 2/: % E [b*(t — 'I:IT, Xi/_‘_l)b(t + 7 — le? Xk/+1)] :
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e Under the assumption that the information sequence is a stationary random process it follows
that

AQ
st+Tt+T+71) = o Y % EB*(t —i'T,xp)b(t + 7 — K'T,%x;/)]

= gg(t, 4 + 7') . (5)

where data blocks x;,1 and x;, 1 are replaced by x; and x;/, respectively. Therefore §(¢) is
cyclostationary:.
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e Since 5(t) is cyclostationary, the autocorrelation ¢zz(7) can be obtained by taking the time

average of ¢z;(t,t + 7), given by

Ps3(T)

< ¢88(t t +7) >

—ZZ /0 E[b0*(t —iT,x;)b(t + 7 — kT, x;,)] dt

ﬁTZZ/ B x)b(z + 7 — (k — i), %)) da
2

Cor s [ TR (e x)b(z 7 - mT )]
2

;4—T > Z/ Z;TJFT E[b*(z,x0)b(z + 7 — mT,x,,)| dz

A? Z

5T / E[b*(z,x0)b(z + 7 — mT,x,,)|dz |

where ( - ) denotes time averaging and the second last equality used the stationary property
of the data sequence {x;}.
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e The psd of 5(¢) is obtained by taking the Fourier transform of ¢z5(7),

L sz/— [

E

2T m/_
AQ

w _4 / _4
(z,%g)e ]2”fzdz/oob(7’,xm)e 72T g a2 mT

(z,%0)b(2 + 7 — mT, X, )dze > 7dr

El—X /_Ozo b*(z,%0)e’*™*dz

X /_O; b(z+71—mT, Xm)e_ﬂ”f (ztr=mT) g o=i27] mT]

7 S BB (f,%x0) B(f, xm) e~

where B(f,x,,) is the Fourier transform of b(t, x,,).

e Finally,

where

Ss(f) =

Sb,m(f) -

2
A—Zsbm(f) — 2w fmT

SELB (%0 B, %)
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e Suppose that x,, and x are uncorrelated for |[m| > K.

e Then
Son(f) = Soxc(f), |m| = K
where
Suclf) = SEIB(F o] EIB(x)]  ml 2 K
= BB B(BU X)) ml > K
1

— SIEBUx)P  ml 2 K

e [t follows that
Sss(f) = Se(f) + S&(f)

where
A2 |
gé(f) - T ) (Sb,m(f) — Sb,K(f)) 6—]27rfmT
|ﬂ;\<K
A n
S?é(f) = (?) Sb’Km;a(f_T)

e Note that the spectrum consists of discrete and continuous parts. The discrete portion has

spectral lines spaced at 1/T" Hz apart.
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ZERO MEAN SIGNALS

e If 5(¢) has zero mean, i.e., E[b(t,xq)] = 0, then E[B(f,xq)] = 0.
e Under this condition

Svr(f) = % IE[B(f,x0)]|* =0

e Hence, Sgs(f) has no discrete component and

2
Sis(f) = (A) S Sy f)emimT

T ) im<k
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UNCORRELATED SOURCE SYMBOLS

e With uncorrelated source symbols the information symbols x,, constituting data blocks
X = (Tm1, T2y - -+, Ty ) are mutually uncorrelated. Under this condition x,, and x; are
obviously uncorrelated for |m| > 1.

e Hence, Sy (f) = Spi(f), for jm| > 1, where
Slf) = SE (B %)

Sulf) = 5 BB

e Hence
A2
Sgg(f) = ﬁSbl(f)znﬁ(f—n/T)
A2
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LINEAR FULL RESPONSE MODULATION

e Here it is assumed that

b(t,Xk) = l‘kha(t)
B(f,xx) = xrHd(f) ,

where the x; may be correlated.

e Using the above leads to

Sb,TTL(f) -

<
3

=
><

(@)

)B(f, %Xm)]
ToHy(f))xmHa(f))]

()]

o] [Ha( )]
m) [Ha(f)]

DN RN RN =N =
ey ey ey
)

o O *
) )
3 R

T

8
8
VS

where

baslm) = Sl
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e The psd of the complex envelope is

where

Seo(f) = % Gag(m)e ™M
e With uncorrelated source symbols
Svo(f) = oo |Ha(f)I°
Sun(f) = Sl IHDE  Jml > 1

where 02 = $E[|z)|?], pr = Elzy).

o If 11, =0, then Sp1(f) =0 and

33



POWER SPECTRAL DENSITY OF ASK
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Psd of ASK with a truncated square root raised cosine pulse with various truncation
lengths; 5 = 0.5,
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OFDM Power Spectrum

e The data symbols z,, 1,k = 0,..., N — 1 that modulate the N sub-carriers are assumed to
have zero mean, variance 02 = $E[|z,, 4|?], and they are mutually uncorrelated.

e In this case, the psd of the OFDM waveform is

A2
Sz (f) = ?gsb,o(f) :
where |
Solf) = = |B(f.x0)”]
and

N—1 N-1 -
B(f,x0) = ¥ o Tsinc(fT — k) + X xopa,Tsinc(a,(fT — k))e?>™ T
k=0 k=0

Using the above along with T = NT yields the result

Sulf) WT( L (N T, — k)
1+ a4 k=0
Qg?] N—-1 9
—I—1 Ta, kz::() sinc™(ay (N fTs — k))

+ 20y cos(2 N fT) Nil sinc(N fTs — k)sinc(ay (N fTs — k)))
I+ ay k=0

e Note that the Nyquist frequency in this case is 1/2T9 = (1 + o) /275,
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S, (dB)
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Psd of OFDM with N = 16, oy = 0.
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S, (dB)
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Psd of OFDM with N = 16, oy, = 0.25.
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s_ () (dB)
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Psd of OFDM with N = 1024, oy = 0.
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Psd of OFDM with N = 1024, oy = 0.25.
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OFDM Power Spectrum -IFFT Implementation

e The output of the IDFT baseband modulator is {X9} = { X}, where m is the block index
and

Xg,m - X"a<m)N
N—-1 j2mkm
=AY 2z ¥, m=0,1, ..., N+G -1
k=0

e The power spectrum of the sequence { X9} can be calculated by first determining the discrete-
time autocorrelation function of the time-domain sequence {X9} and then taking a discrete-
time Fourier transform of the discrete-time autocorrelation function.

e The psd of the OFDM complex envelope with ideal DACs can be obtained by applying the
resulting power spectrum to an ideal low-pass filter with a cutoff frequency of 1/(279) Hz.
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Discrete-time Autocorrelation Function

e The time-domain sequence {X9} is a periodic wide-sense stationary sequence having the
discrete-time autocorrelation function

dxoxo(m, O) = SE[(X9, )X, ]

2
_ Zl NZI E[ " T Z]ej%v_ﬁ(—km+im+i£)’
form—O,...,N—I—G—l :

The data symbols, x,, ., are assumed to be mutually uncorrelated with zero mean and variance
02 =1E[z, /% Using the fact, that X3 = X, (m)y 1t follows that

=0,....,G—1,{=0,N
Ac? m=G,....N—1/=0
Dxaxa(m, ) = m=N,... N+G—1,=0,—-N
0 otherwise

Averaging over all time indices m in a block gives the time-average discrete-time autocorre-
lation function

AU /=0
Gxoxs(l) = NﬁGAa {=—N,N
0 otherwise
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Power Spectrum

e Taking the discrete-time Fourier transform of the discrete-time autocorrelation function gives

SXng(f) = % ¢X9Xg(€)€_j2ﬂmeTg

= Aai (1+ie—j2wang+ G ej27rfNT§)

N+G N+G
= Ao? (1 + NQ—IC—;G COS(27TfNTSg)>

e Finally, assume that the sequence {X9} = { X7} is passed through an ideal DACs.
— The ideal DAC is a low-pass filter with cutoff frequency 1/(279).

e The OFDM complex envelope has the psd

Sss(f) = Ao? (1 + COS(Q?TfNTSg)) rect (fT7) .

N+G
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Psd of IDF'T-based OFDM with N = 16,G = 0. Note in this case that T9 = T5.
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Psd of IDF'T-based OFDM with N = 16,G = 4.
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s () (dB)

Power spectral density of binary CPEFSK for various modulation indices.
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40

S,,() (dB)

Psd of binary CPFSK as the modulation index h — 1.
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Power spectral density of GMSK with various normalized filter bandwidths BT .
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